DISTRIBUTION OF HOLONOMY ABOUT CLOSED 
GEODESICS IN A PRODUCT OF HYPERBOLIC 

PLANES 

DUBI KELMER 

Abstract. Let M = r\"H^ n) , where % ( ") is a product of n + 1 
hyperbolic planes and V C PSL(2,M)™ +1 is an irreducible cocom- 
pact lattice. We consider closed geodesies on M. that propagate 
locally only in one factor. We show that, as the length tends to in- 
finity, the holonomy rotations attached to these geodesies become 
equidistributed in PSO(2)™ with respect to a certain measure. For 
the special case of lattices derived from quaternion algebras, we can 
give another interpretation of the holonomy angles under which 
this measure arises naturally. 



Introduction 

In the spirit of the analogy between prime numbers and primitive 
closed geodesies, Parry and Pollicott proved an analog to the Cheb- 
otarev Equidistribution Theorem for the equidistribution of holonomy 
classes about closed geodesies. By parallel transporting vectors along 
geodesies, each closed geodesic C on an orientable d dimensional man- 
ifold M. gives rise to a conjugacy class H c in SO(d — 1), called the 
holonomy class attached to C. In [13], Parry and Pollicott showed 
that on a manifold, for which the geodesic flow on the frame bundle is 
topologically mixing, the holonomy classes become equidistributed in 
SO(d — 1) with respect to Haar measure as the length of the geodesies 
tends to infinity. In particular, this is true for manifolds with con- 
stant negative curvature, that is, the rank one locally symmetric spaces 
M = r\SO (rf, l)/SO(d). 

In [15], Sarnak and Wakayama obtained similar results for all other 
rank one locally symmetric spaces, that is, spaces of the form M. = 
r\G/ K with G denoting a real semi-simple group of real rank l^CG 
a maximal compact subgroup, and V a lattice in G. In this setting, the 
frame flow is not ergodic and the holonomy classes lie in a smaller 
subgroup K C K C SO(d). They showed that as the length of the 
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geodesies tends to infinity, the holonomy classes become equidistributed 
in Kq with respect to Haar measure. 

In this paper we study a similar question for the higher rank group 
G = PSL(2, IR) n+1 . That is, we address the equidistribution of ho- 
lonomy classes of closed geodesies on the manifold A4 = Y\G/K = 
T\n (n \ where n {n) =H xH 1 x---xi n isa product of n + 1 hyper- 
bolic planes, K = PSO(2) n+1 , and T C PSL(2,M) n+1 is an irreducible 
cocompact lattice. The geodesic flow is not ergodic on the unit tan- 
gent bundle T X A^ as each of the functions Ej(z,£) = (£i>£j)*j remain 
constant under the flow (here, (•, -} z . denotes the inner product on the 
tangent space T Z M). For each fixed level E G [0, oo) n+1 the geodesic 
flow on the corresponding energy shell 

E(E) = {(z,0 e TM\Ej(z,0 = Ej} c TM, 

is ergodic and we consider the closed geodesies on each one of these 
shells separately. 

In this setting, the holonomy attached to a closed curve on M. lies 
in K = PSO(2) n+1 . Since this group is commutative, the holonomy 
does not depend on the base point and each holonomy class is given by 
n + 1 rotations. Moreover, since parallel transporting along a geodesic 
maps the tangent vector to itself, the holonomy is trivial in any factor 
where Ej ^ 0. Hence, the holonomy of closed geodesies on S(E) lie in 
the smaller group Y\ Ei=0 PSO(2) C K. 

We will concentrate on the specific shell S = 0, . . . , 0), for 
which the holonomy group K = PSO(2) n is as big as possible. For each 
closed geodesic C on S we attach the holonomy angle 6 C G (— tt, 7r) n 
that gives the angle of rotation in each of the nontrivial factors. We 
are thus interested in the distribution of these angles as the length of 
the closed geodesies tends to infinity. 

Before stating our results we need to introduce some notations (see 
section [2] for more details). Let L 2 (r\G) denote the space of functions 
on G satisfying that fi^g) = f(g) for 7 G T and that J r ^ G \f(g)\ 2 dg < 
00. The algebra of invariant differential operators of G is of rank 
n + 1 and is generated by n + 1 differential operators denoted by 
Qo, . . . ,Q n , each acting on the corresponding factor. For any m G Z n+1 
let Xm denote the characters of K given by Xm(ke) — e im ' e . We 
denote by L 2 (T\G, m) C L 2 (T\G) the space of functions satisfying 
ip(gk) = ip(g)Xm{k). For any m = (0, mi, . . . , ra n ) G Z™ +1 with all 
rrij 7^ we define the subspace V m = V m (T\G) C L 2 (T\G, m) by 

(0.1) V m ={ipe L 2 (T\G,m)\Vj > 1, + \ mj \(l - = 0} . 
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Let {ipf, } be an orthonormal basis for V m (T\G) composed of eigen- 
functions of f2 with eigenvalues 

< A[, m) < A[ m) < . . . 

We use the parameter a m = Im(y Aq 7 ^ — |) € [0, |) to measure the 
spectral gap for V m and let a = sup m a m . The results of Kelmer and 
Sarnak [7] imply that a m < 0.34 for all but finitely many values of m; 
in particular we have that a < |. 

Counting closed geodesies. We can now estimate the number of 
closed geodesies on S with bounded length. For any x > let ir(x) 
denote the number of closed geodesies on S with length lc < x\ let 
7T p (x) denote the number of such primitive closed geodesies. 

Theorem 1. As x ^ oo, 

3x/4 ( ai + l/2)x 

tc p {x) = 2 n Li(e x ) + 0{—) + 0{ ), 

where ot\ = max{a m |m e {±1}™}. The same result holds for ir(x) 
instead of n p (x). 

Remark 0.1. If a± < | we only have the first error term. In particular, 
after Selberg [TB], this is known when T is a congruence group. (In 
fact, in this case the result of Kim and Shahidi [8] imply a < |.) 
Moreover, the congruence subgroup conjecture implies that all lattices 
T in PSL(2,M) n+1 are congruence groups, so we expect the error term 
to be uniformly bounded by 0(e 3x ^ 4 ). Unconditionally, if A^ , . . . , Xq 
are all eigenvalues in (0, ^), the formula can be corrected to read 

<? 3x/4: 

n p (x) = 2 n Li{e x ) + (-1)" £ Li(e^ +1/2)x ) + 0{- ), 

k=l 

with c k = Tmiy/xjp-i). 

Remark 0.2. In [I], Deitmar proved an analogue to the prime geodesic 
theorem for higher rank spaces for singular geodesies. The main term 
in the asymptotics of vr p (x) can also be obtained by applying his results 
to this setting. 

Distribution of holonomy about closed geodesies. After estab- 
lishing the growth rate of 7i p (x) we study the distribution of the holo- 
nomy angles. We find that the results here are very different from the 
rank one case described above. In this case, the holonomy angles are 
not equidistributed in K with respect to the Haar measure, but rather 
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behave as if they were representing conjugacy classes in PSU(2) n . Re- 
call that [— 7r, 7i] n parameterizes the conjugacy classes in PSU(2) ra and 
let fi denote the measure on [—it, vr]™ obtained via this parametrization 
from Haar measure on PSU(2) n , that is, 

(0.2) d^) = IIsin 2 (! A 

Theorem 2. For any smooth function f G C°°((M/27rZ) n ) 

-^T E /(«o) = M/) + 0(e- /4 ) + 0(c (a - 1/2) "). 

primitive 

Since we can approximate the indicator function by smooth functions 
this implies that for any A C [— 7r, ?r] n with /i(cL4) = we have 

lim^^ = M (A), 

x-!>oo 7r p (£j 

where tt p (x; A) = #{C primitive^ < x and #c G A}. 

Remark 0.3. The implied constant for the error term in Theorem [2] 
can be given explicitly in terms of the Fourier coefficients of the test 
function /. In particular, when the set A C [— n, 7r] n is sufficiently nice 
(for example any rectangle) it is possible to give exponential bounds 
for the error term also for a sharp cutoff (see Corollary 13. ip . 

Invariance of holonomy angles under sign changes. The measure 
\x defined in (10. 2p is invariant under the change of variable 9 i— )■ ad for 
any a G {±l} n , where we denote a6 = (o"i#i, . . . , a n 6 n ). In particular, 
given any set A C [— it, vr] (with fi(dA) = 0) we have that tt p (x; A) is 
asymptotically the same as n p (x,aA). We wish study the question of 
whether we can have an exact equality. 

Definition 0.1. The holonomy angles are said to be invariant under 
the sign change o G {±l} n if for any angle 9 G [— 7r,7r] ra , the number 
of primitive closed geodesies C with 9c = is equal to the number of 
primitive closed geodesies C with 9c = o~9. 

Remark 0.4. We note that if C is a closed geodesic with length lc and 
holonomy angle 9c, then for any other closed geodesic, lc = lc if and 
only if 9c G {a9c\o~ G {±1}™} (see Remark ll.ip . In particular, if the 
holonomy angles are invariant under all sign changes, then the number 
of closed geodesies with a fixed length is divisible by 2 n . 
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From a dynamical point of view it is not clear why this invariance 
should hold. To further illustrate how remarkable this invariance is we 
relate it to a question of Selberg [IT] , which is, whether the spectrum 
of the space V m (T\G), defined in (jO.ip . changes when we change the 
sign of the rn^'s. 

Theorem 3. The holonomy angles are invariant under a sign change 
of a G {±l} n ; if and only if there is a spectral correspondence between 
V m (T\G) and V^ m (r\C?) for all weights m. That is, there is a linear 
isomorphism Q a : V m (T\G) — > V am (r\G) that commutes with Qq. 

For any geodesic C denote by C" 1 its time reversal. We note that 
0(7-i = —9c, which implies that the primitive closed geodesies are 
invariant under a = (— 1, . . . , — 1). Correspondingly, we have that 
complex conjugation sends V m to V^ m and commutes with Q . For 
other signs o G {±l} n it is not clear how to construct such a map 
and, as mentioned by Selberg in his lecture notes [17], whether such 
a correspondence even exists. It is thus interesting to find examples 
of lattices for which we can prove this correspondence. The following 
theorem gives many such examples. 

Theorem 4. Let K be a number field satisfying that its class number 
Hk equals its narrow class number h K . Assume that T is a lattice 
derived from a maximal order in a quaternion algebra defined over K , 
or a principal congruence group in such a lattice. Then, the holonomy 
angles are invariant under all sign changes. 

We recall that, by Margulis's Arithmeticity Theorem, any irreducible 
lattice in PSL(2,M) n+1 is commensurable to a lattice derived form a 
maximal order in some quaternion algebra, and that this algebra is 
defined over the trace field of Y (that is, the field generated by traces 
of elements in T); see [IT] . We thus formulate the following conjecture: 

Conjecture 5. For a lattice V with trace field K satisfying that hx = 
h K the holonomy angles are invariant under all sign changes. 

We note that there are number fields satisfying that hx = h K so that 
this condition is not empty. For example, let K q denote the maximal 

real subfield of the cyclothymic field Q(e <? ), then fiK q = h K whenever 
q = 2 a is a dyadic power (cf. j£l Remark 3.4]). Also, when q is a prime 
number such that is also prime, Taussky's conjecture implies that 
hx q = (see [9] for some generalizations and results towards this 
conjecture). On the other hand, Garbanati [3] showed that if q is not 
a prime power, then hx q ^ h Kq so there are also many examples of 
number fields where this condition does not hold. 
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An interpretation for the holonomy angles. We give another in- 
terpretation for the holonomy angles which explains their limiting dis- 
tribution. Assume that the lattice T C PSL(2, is derived from a 
maximal order in a quaternion algebra. When n is even we can find a 
corresponding lattice T C PSL(2,R) derived from a maximal order in 
a different quaternion algebra that is ramified in the same finite places 
and unramified in one infinite place. We then have a correspondence 
between closed geodesies on M. = T\M. and closed geodesies on S . 
Moreover, the lattice T comes equipped with a natural homomorphism 
p : T — )• PSU(2) n which enables us to attach to each closed geodesic C 
on M. a conjugacy class {«c} in PSU(2) n (see section [5731 for details). 
We then have the following correspondence: 

Theorem 6. For each closed geodesic on S there is a closed geodesic 
on T X A4 with the same length. On the other hand, for each closed 
geodesic C in T x hA with a corresponding conjugacy class {uc} there 
are 2 n corresponding closed geodesies {Ci}f=i in S with the same length 
lc — Id an d holonomy angles satisfying |2 cos{6cJ^)\ = |tr(itc)|. 

With this correspondence, Theorem [2] is equivalent to the equidistri- 
bution of the conjugacy classes {uc} as the lengths Iq —> oo. We note 
that the equidistribution of these conjugacy classes can be proved (in 
a more general setting) via a different method using the Selberg trace 
formula on the space of vector valued functions on r\H. 

Remark 0.5. Theorem [6] implies in particular that the number of prim- 
itive closed geodesies with a fixed length (and holonomy angle 9c € 
{a9 : a G {±1}™}) is divisible by 2™. Note that for this theorem we 
do not assume that h K = h\. This suggests that the geodesies could 
be invariant under all sign changes even without this condition on the 
trace field. 

Outline of paper. For the readers convenience we include a short 
outline of the paper. In section [H we recall the essential background 
for the geodesic flow on jW = T\H^ and the relation between closed 
geodesies, holonomy, and conjugacy classes. In section [2] we recall the 
spectral theory on T\G and in particular the Selberg trace formula. In 
section [31 we use the trace formula to prove Theorems [T] and [2J The 
trace formula is also used in section H] to prove Theorem [31 In section 
we recall some results on lattices derived from quaternion algebras and 
prove Theorems H] and El In section [61 we give some additional applica- 
tions. In particular, we prove a special case of the Jacquet-Langlands 
correspondence and we obtain some results about the distribution of 
fundamental units corresponding to certain quadratic orders. 
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1. Background 

1.1. The hyperbolic plane. Let H = {x + iy\y > 0} denote the up- 
per half plane. For z = x + iy G EI we identify T 2 H = C; with 
this identification the Riemannian metric is given by the inner prod- 
uct (£,r)) z = ^ on T Z M. There is a natural action of PSL(2,R) = 

SL(2, l)/±/on!by isometries. That is z \-> g(z) = gj, with the 
induced map on the tangent space given by 

(z,Z)^(g(z),g'(z)Z), 
where g'(z) = ( cz + d y denotes the differential of g. After fixing the point 
G T 1 !! we can identify the unit tangent bundle with PSL(2,R) 
via the action g i->- (g{i), g'{i)i). For any x, t G R and 9 G [— n, ir] let 



1 x\ fe 1 ' 2 



1 / ' ' V e-*/ 2 



<h = n _-t/2 > h = 



cos ^ sin 



-sm^J cos^. 



For any g G PSL(2,R) there is a unique decomposition g = p z kg with 
p z = X ^i^jj)j = n x a\ n ( y ). In these coordinates the identification 

of PSL(2, R) with T X H is given by p z k e {i, i) = (z, e ie ). 

1.2. Products of hyperbolic planes. Let — H x • • • x H n 

denote a product of n + 1 hyperbolic planes endowed with the prod- 
uct metric. That is for z — (z , . . . , z n ) G TiS n ^ the inner product on 
T z U (n) = C n+1 is given by 



y 2 ' 

3=0 3=0 y J 

There is a natural isometric action of 67 = PSL(2,R)™ +1 on TU (n) 
given by the PSL(2,R) action on each factor. Each of the functions 
Ej(z,£) = a/ Cj)7j i s invariant under the action of G (and hence 
this action is not transitive on T l l-L^). For any E = (E , . . . , E n ) G 
[0, oo) n+1 let 

T E n {n) = {(z,£) G Tn {n) \Ej(z,C) = Ej} c TM. 

The group G acts transitively on T-^US 71 ^ with the stabilizer of (i, Ei) 
being n,e =o ^-v ^ s & ve an identification of TeH^ with the quotient 

For any (z,£) G T"H (n) there is a unique geodesic C : R ->■ "H (n) 
such that C(0) = 2, C"(0) = f . The geodesic flow 0* : T"H^ ->■ T%( n ) 
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sends a point (z, £) to the point obtained by flowing for time t along this 
geodesic. The spaces T E V,^ remain invariant under this flow. After 
identifying T E "H^ with G / \\ E . =Q Kj the geodesic flow 0* is given by 
the right action of a^t = (dE t, ■ ■ ■ a E n t), that is, if (2, f) = g(i,~Ei), 
then <p\z, f ) = ga E t(i, Ei). 

1.3. Quotients. Consider a quotient Ai = T\H^ with T an irre- 
ducible co-compact lattice in G = PSL(2, IR) n+1 , that is, T is a discrete 
subgroup such that the projection to any factor of G is dense and that 
the quotient T\G is compact. The geodesic flow on M = T\H^ is 
given by the projection of the geodesic flow on TH^ to M. The energy 
shells 

X(E) = {(x,Z)eTM\E j (Z) = E j } 

are invariant under the geodesic flow and the identification of TeH^ 
with Gj W_ E q Kj descends to an identification S(E) = T\G/ Yl E . =0 Kj. 
From here on we fix E = (1, 0, . . . , 0) and let S = S(E ). We denote 
by K = n; =1 Kj and identify S = F\G/K . 

1.4. Holonomy of closed geodesies on E . Let M = r\U {n) be 
as above and S C T X M denote the energy shell corresponding to 
Eo = (1, 0, . . . , 0). A closed geodesic of length I on Ai is given by an 
initial condition (z,£) G T l M. such that (f) l (z,^) = 7(2, £) for some 
7 G T. The geodesic is called primitive if I is the smallest time where 
this holds. The geodesic lies in S if the initial condition satisfies 
Ej(z, = Vj > 1 (that is, if f = (f , 0, . . . , 0)). 

Given any closed curve C with initial condition (z, £) G TAi, parallel 
transporting tangent vectors about this curve gives the holonomy map 
H c : T Z M ->■ T Z M. Under the identification T Z M ^ C n+1 the holo- 
nomy map is given by H c (£i, ■ ■ ■ , £ n ) = (foe** , • • • , ^ n e %0n ). Changing 
the base point of the curve will give a conjugate element, and since 
the holonomy group is commutative He does not depend on the base 
point. Thus, for any closed curve C we attach an angle 6c G [— n, n] n+1 
corresponding to the rotations of the holonomy map. Parallel trans- 
porting along a geodesic leaves the tangent to the geodesic invariant, 
hence, there could be no nontrivial rotations in factors where the tan- 
gent vector is nonzero. Consequently, the holonomy map attached to 
a closed geodesic in S satisfies 9 = and we let 9 C G [— n, n] n be the 
angles corresponding to the last n factors. 

We have the following correspondence between closed geodesies in 
S and hyperbolic-elliptic conjugacy classes in T, that is, conjugacy 
classes of elements that are hyperbolic in the first factor and elliptic 
in the last n factors. With the identification S = G/K , a closed 
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geodesic of length I is given by an initial condition g(i,~Eoi) G T X M., 
with g G G satisfying that 

ga Eo i = 19 (mod K ) 
for some 7 G T. That is, in the last n factors we have gj ijgj = 

kg . G Kj and in the first factor we have #0 7o<7o = a u r If we change 
the initial condition g to an equivalent one rg for some r G V the 
resulting lattice element will be t~ x ^t. Hence, for any closed geodesic 
there is a corresponding hyperbolic-elliptic conjugacy class. For the 
other direction, given any hyperbolic-elliptic 7 G V let g G G such 
that g~ lr yg = (a L/ ,k e ^ A , kg^ n ). Then ga Eo i = jg (mod K ), so that 
the initial condition g(i, E i) G T 1 ^ gives rise to a closed geodesic of 
length Z 7 . The choice of such an element is not unique, however, if g G G 
is another element satisfying this, then g = g(a t ,k ) with k G K , so 
that g gives rise to the same closed geodesic (with a different starting 
point). Under this correspondence, a closed geodesic C with length 
lc and holonomy angle 6c corresponds to a conjugacy class {7} with 
ftyj = @c j and l~f = Z(7. 

Remark 1.1. Note that tr(7j) = 2cos(^ 7J /2) so that the trace in each 
factor is determined by the holonomy angle, and the holonomy angle 
is determined up to a sign by the trace. Moreover, we recall that 
T is commensurable to a lattice derived from a quaternion algebra 
defined over some totally real number field. Hence, the traces tr(7j) for 
j = 0, . . . ,n are all different embeddings of the same field element into 
IR. Consequently, the length of the geodesic determines the holonomy 
angle up to a sign and the holonomy angle determine the length of the 
geodesic. 

2. Trace formula 

The main ingredient in the proof of Theorems [1] and [2] is the Selberg 
Trace Formula. In particular, we use a hybrid version of it introduced 
by Selberg in [T7]. We now recall some background on the spectral 
theory of PSL(2,R)™ +1 and outline the derivation of the hybrid trace 
formula. 

2.1. Spectral decomposition. Let G = PSL(2,R) n+1 and T C G an 
irreducible co-compact lattice. Let p : T — > U(N) be an irreducible 
unitary representation of T. Let L 2 (T\G,p) denote the space of vector 
valued functions on G satisfying that f{^g) = p(l)f(g) for 7 G Y 
and that f r \ G \f{g)\ 2 dg < 00. For any m G Z n+1 let Xm denote the 

characters of K given by Xm(kg) = e im ' 6 '. The group K acts on L 2 (T\G) 
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(by right multiplication) and induces a decomposition into the different 
K -types 

L 2 (T\G,p) = L 2 (T\G,p,m) } 

meZ™+ 1 

where ip G L 2 (T\G, p,m) is of i^-type m if ip(gk) = tp(g)xm{k)- 

The algebra of invariant differential operators of G is of rank n + 1 
and is generated by operators fl , . . . ,Q n given in the z, 8 coordinates 
by 

(cf. [TOj Chapter X §2]). These operators act on L 2 (T\G, p,m) and we 
can further decompose it to a direct sum of joint eigenspaces 

L 2 (r\G,p,m)= C(m,A), 

AeA(m) 

where A(m) C M n is the set of joint eigenvalues and C(m, A) the joint 
eigenspace corresponding to A = (Ao, . . . , A„). We denote the dimension 
of the joint eigenspaces by d(m, A) = dim C(m, A). 
The operators 



commute with Qj and act as raising and lowering operators between 
the different X-types. Moreover, on the space C(m, A) the operator 
E^EJ acts by multiplication by 4(±m,,(l =p rrij)) — Xj), so that 

EJ : C(m,X) -> C(m^e j; A) 

is a bijection if Aj 7^ ±mj(l =1= m 3 -) and vanishes otherwise (see [TQj 
Chapter VI §4,5]). We thus get the following characterization of the 
possible eigenvalues in A(m): 

Proposition 2.1. For A G A(0) either A = or A G (0,oo) n+1 . // 
m/fl, £/ien any A G A(m) satisfies that 

Xj G (0,oo) U {jfe(l - jfe)|Jfe GN,K |toj|}. 

Proof. Let A G A(m) and let ^ G C(m, A) denote the corresponding 
joint eigenfunction. We first show that if rrij = 0, then Xj G (0,oo). 
For rrij = the operator Qj reduces to the hyperbolic Laplacian 

2, d 2 d 2 . 
A i = fjfe + 0). 



<9x 2 <9w 2 
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and the corresponding eigenvalue satisfies Xj G [0, oo). Moreover, if 
Xj = 0, then ip(z , . . . , z n ) does not depend on Zj and since Y is irre- 
ducible this implies that ip must be the constant function, which can 
only occur if m = (and p is the trivial representation). 

Next if rrij > (respectively rrij < 0), if Xj ^ k(l — k) with k < 
\rrij\, then (E~) mj ip (respectively (E + y m ^-ip) is in C(X,m — mjCj). The 
argument for rrij = now implies that Xj G (0, oo). □ 

2.2. Trace formula for L 2 (T\G, p,m). We recall the trace formula 
for L 2 (T\G, p,m) for a weight m G Z ra+1 and representation p. For 
m = and trivial p the derivation of the trace formula is given in 
[21 Chapter I]. For n = and arbitrary m and p it is described in [U 
Chapter 4]. For n > 1 and arbitrary m (when V is co-compact) the 
trace formula takes the following form: 

Let hj, j — 0, ... ,n be analytic functions with Fourier transforms hj 
compactly supported. Then 

X k eA{m) \ j 

(_1 poo fi'.(u) \ 

where JF? is a fundamental domain for r\"H^, Xp{l) = ^ r (p(7)) i s the 
character of p, and 

(2.1) hj(ej,mj) = - / /i^e^-'^' 

The derivation is a direct application of the arguments in [21 HJ |5]. In 
particular for the explicit form of the hj(9j,rrij) we refer to [51 equa- 
tion 6.30 on p. 394] and for the integral corresponding to the trivial 
conjugacy class see [5J page 396]. 

2.3. Hybrid trace formula. For any mi, . . . , m n G Z \ {0} we let 

m = (0, mi, . . . , m n ) G Z n+1 and define V m = V m (T\G, p, m) by 

(2.2) V m = {tfj G L 2 (r\G,p,m)|Vj > 1, + K'l(l - KI)V> = o}. 




cosh(u) — cos(6 ) ) 
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Let { } be an orthonormal basis for V m composed of eigenfunctions 
of Q with eigenvalues 

< A[, m) < A[ m) < . . . , 

we use the usual parameterizations of the eigenvalues = j+rk(m) 2 . 

We note that the eigenfunctions are hybrid forms that behave like 
Maass forms in the first factor and like modular forms of weight rrij on 
the j'th factor. We thus call the trace formula for these forms a hybrid 
trace formula. 

For m — (0, mi, ... , m n) as above, let 

n 

(2.3) |m|* = J](2K-|-1), 

3=1 

and define the function H m : (— n, n) n — > C by 



(2.4) H m(0)=UjT= 



1 (1 _ e isgn(mj)^'\ ' 

where sgn(m i ) = . 

Recall that an element 7 = (70, •••,7n) € T is called hyperbolic- 
elliptic if |tr(7 )| > 2 and |tr(7j)| < 2 for j > 1 and elliptic if |tr(^-) j < 
2 for all j. We note that an elliptic element 7 is always of finite order 
and we denote by M 7 its order. There could be at most finitely many 
elliptic conjugacy classes. 

Theorem 7. For any meromorphic function h(r) with h compactly 
supported 

^h{r k {m)) + (-l) n 5 Pil 5 m>ssa{m) h(i/2) = 
k 

dim(p)|m|*vol(J r r) 



(47T) 



ra+1 



h(r)r tanh(7rr)c?r 



+ 



^ 2sinh(/ 7 /2) Mm ^ ) + ^ M 1P M0J2) m{ l) 



where Y^' ^ s a sum over hyperbolic- elliptic conjugacy classes, Y" ^ s 
a finite sum over the elliptic conjugacy classes, and ^ v denotes the 
primitive element corresponding to 7. 

Remark 2.1. The sum over the hyperbolic-elliptic conjugacy class can 
be interpreted as a sum over all closed geodesies in S where / 7 = lc 
is the length of the geodesic, l lp = l Co is the length of the primitive 
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geodesic underlying C, and # 7 = 9c are the holonomy angles attached 
to C. 

The function H m (9) appearing in the trace formula diverge as 9j 
approaches zero. However, after summing over all possible signs of m, 
the function 

sin((m - \)6j) 



F m {9) = (-!)» Yl H U0) = U 



sin(0,-/2) ' 

is uniformly bounded and satisfies |F m (0)| < \m\* . Hence, it is conve- 
nient to add the corresponding trace formulas for all signs. 

Theorem [7f Let m = (0, mi, . . . , m n ) with all rrij G N, with the same 
notations as Theorem [7] 

Y Knivm)) + 5 Pj i5 m> i(-2)"/i(V2) = 
o-e{±i}™ k 

on dhn(p)|m|*vol(r\G) 



(4vr; 



n+l 



/i(r)r tanh(7rr)<ir + 



+ { 1} fa 2sinh(/ 7 /2) + i lj ^ M> sin(£ 7o /2) 



Remark 2.2. In the case where the quotient r\G is not compact a 
similar formula should still hold. In order to derive the hybrid formula 
in the noncompact case it is possible to follow the same argument as 
below. However, to do this one needs to compute the contribution of the 
continuous spectrum and the parabolic elements to the trace formula 
on L 2 (r\G,m). We leave this computation to a separate paper [6J. 

2.4. Derivation of the Hybrid trace formula. The hybrid trace 
formula was presented in Selberg's lecture notes [17] . As its derivation 
does not seem to be written up anywhere in the literature we will 
include a proof here. To simplify notation, we will write down the proof 
for the case where the representation p of T is the trivial representation, 
the modification needed for arbitrary p are straightforward. 

As described in [T7j, this formula can be derived by taking the trace 
of the following kernel 

z o — w o\ 2 \ tt (lia(zj)lm(wj)) mj 



B(z, W )=f( - l ;°: T "°'\ )n 

\lm(z )lm(w ) J fj- 



3=1 31 

with / a smooth compactly supported function such that h is its Selberg 
transform. However, if \rrij\ = 1 for some j, then this kernel is not in 
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x 'Hy 1 ') which introduces some difficulties with this approach. 
We will thus take a different approach by way of comparing the trace 
formulas on L 2 (T\G,m) for different K types m. 
For m £ Z n+1 let sgn(m) £ {0, 1, — l} n+1 where 



sga(rrij) = 




Recall that A(m) C denotes the set of joint eigenvalues on L 2 (T\G, 
that C(m, A) C L 2 (T\G, m) is the corresponding eigenspace and d(m, A) 
dimC(m, A) is its dimension. For any set of indices J C {0, . . . , n} let 

A(m, J) = {A £ A(m)\Xj = \m,j\(l - \mj\), Vj £ J} . 

In particular, for J = {!,..., n} the eigenvalues in A(m, J) counted 
with multiplicity are given by + r^fm) 2 }^,. 

Lemma 2.2. Let m £ Z" +1 and Zei a = sgn(m) £ {0, 1, -l} n+1 . Let 
J m C {0, . . . , n} denote the set of indices where rrij ^ 0. For any subset 
J C J m o,nd any j £ J with m — crjej ^ we have a disjoint union 

A(m - a 3 e v J \ {j}) U A(m, J) = A(m, J \ {j}). 

Also, Vj £ {0, . . . , n} we have a disjoint union 

A(0)uA(±e i ,O'})=A(±e i )U{0}. 

Proof. Fix some j £ J with m — crjej ^ 0. Since complex conjugation 
sends C(X,m) to C(A, — m) we may assume that rrij > and aj = 1. 
Recall that if Xj ^ rrij(l — rrij), then 

Ej : C(m, A) —> C{m — ej, A), : C(m — e,-, A) — >■ C(m, A) 

are bijections. 

By proposition 12. 1} if A £ A(m — e^), then Xj ^ rrij(l — rrij). In 
particular, this implies that A(m — o^ej, J \ {j}) fl A(m, J) = so that 
their union is indeed disjoint. 

Now let A £ A(m, J \ {j}) and let if) £ C(m, A) be a corresponding 
joint eigenfunction. Then either Xj = \rrij\(l — \rrij\) in which case 
A £ A(m, J) or Xj ^ 1^1(1 — |j7ij|) in which case E~ip £ C(m — ej, A) 
so that A £ A(m — ej, J\ {]})■ 

To get inclusion in the other direction, we just need to show that 
A(m - ej, J \ {j}) C A(m, J \ {j}). Let A £ A(m - e j; J \ {j}) and let 
t/> £ C(m—ej, A) be a corresponding eigenfunction. Since A £ A(m— ej), 
then Aj 7^ mj(l — rrij) and hence i? + '?/> £ C(m, A) implying that A £ 
A(m../\ {./}). 

Now for the case m = 0. Any 7^ A £ A(0) satisfies that Vj, Aj > 
and by applying to the corresponding eigenfunction we get that 
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A G A(±e i ); hence, A(0) C A(±e i ) U {0}. Next, for any A G A(±e i ) 
either Xj = or Xj ^ in which case A G A(0); we thus get that 
A(0) U A(±ej, {j}) = A(±e i ) U {0}. Finally, since £ A(±ej) and for 
any 0^ A G A(0) we have that Xj ^ the union is disjoint. □ 

Corollary 2.1. Let m G Z n+1 , a = sgn(m) G {0, 1, -l} n+1 , and J m be 
as above and let J C J m be a subset. If m ^ a or J ^ J m , then for any 
function \1/ on R™ for which the sum on the left absolutely converges we 
have 

£ d(m,A)¥(A) = J^-l) 1 - 7 " 1 £ cf(m-<n/,A)¥(A), 

AeA(m,J) J„CJ AeA(m— o-f) 

u>/w/e /or m = cr and J = J a we have 

d(a,X)V(\) + (-l) lJ M0) = 

AeA(o-,J CT ) 

£(-l)l J "l £ d(a-ai/,A)*(A), 

Jj/CJct A6A((T-(T!/) 

where the outer sums are over all v G {0, l} n+1 satisfying that J v C J 
= 7^ 0}. 

Proof. The proof is a straight forward using induction on the size of J 
and an inclusion exclusion argument. We omit the details. □ 

Remark 2.3. In the case where we the representation p is not trivial, 
the trivial eigenvalue does not appear and we have the first equality 
also for m = a and J = J a . 

The derivation of the hybrid trace formula now follows from the 
above identity and the standard trace formula. 

Proof of Theorem^ Fix mi, ... , m n G Z\{0}, let m — (0, mi, ... , m n ) 
and let a = sgn(m) be as above. Apply the identity of Corollary 12.11 

with J = {1,2, ... ,n} and (A) = U]=l h(JXj - \) to get 

d{m,XMX) + {-l) n 8 m>a *{0) = 

\ k eA(m,J) 

= J2(-±) lM Yl d(m-av,X)V(X). 
For this choice of \I/ and J the sum on the left is given by 

(nM*(KI - !)) J E^ r *H) + (-i) n ^(MV2))" +1 . 
\j=i / fc 
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Apply the trace formula to each of the inner sums on the right hand 
side. The contribution of the trivial conjugacy class is 

j^j ' 1 X J \ l 2*J-oo 2smh(u/2) 
We can rewrite this sum as 

h'(u 



voi ( r\ G) ^/; 

mi: 



-du x 



2sinh(w/2) 



h'(ii\ 

' ' ' ( ~— m,jU — (m,j— (Tj)u\ 



2sinh(«/2) 
Substitute for the first term 

-l r kin) , i ' 



du = — I h(r)r I — %—^——dudr 



2tt 7_ oc 2sinh(w/2) n 2 J w J 2sinh(w/2) 

1 

An 

and for each of the last n terms 



h(r)r tanh(nr)dr, 



_1 



_ - ... . 21m,- 1 - 1 



1 - e^ u )du = h(i(\mj\ - §)), 



2sinh(«/2) v ' An 

to get that the total contribution of the trivial conjugacy class is given 
by 

|m|*vol(r\G) 



(An) n 



+i 



h(r)r tanh(7rr)dr J^J h(i(\rrij\ — |)). 

3=1 

For the nontrivial conjugacy classes the contribution of a given class 
7 = (To, • ■ - ,7n) is given by 



voi(r 7 \G 7 ) £(-i)i J -i n 




2sinh(/,/2) j IJ1 sin^) 



Since the contribution of the hyperbolic elements do not depend on 
rrij, this sum will vanish unless 7j ~ fc^- is elliptic for all j ^0. In this 
case, if 70 ~ a« 7 is hyperbolic the corresponding term is 

Y0[ ^^2sinh(/ 7 /2)lllsin(^/2) sin(^./2) 
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and if 70 ~ ke lo is elliptic it is 



1 ^ 7j sin(^ /2) 11 ^sin(0 7j ./2) ' 

A direct calculation using (12. ip for the functions h(9j,mj) yields 
h(9j, rrij ) 1,(0 s . m , - o ; ) < 



sin(%/2) sin(0 3 -/2) (1 •<"'•".) 



h(i(KI - I)) 



Hence, the contribution of each hyperbolic-elliptic conjugacy class is 
given by 

vol(r,AGL) ^ TT -^M*(KI - -)) 

v 7X 7; 2sinh(/ 7 /2)| = Al- e ^^ J 2 ;; 

and the contribution of each of the elliptic classes is given by 

We thus get the following formula 

f[Hi(\ mj \ - §)) J ( J>(r fe (m)) + (-ir<W(M*/2)) 

vj=l / \ k 

|m|*vol(r\G) 



( 47r )n+l 



/i(r)r tanh(7rr)<ir | TT/i(*(|tti 3 -| — |)) 



+ E™i(rAG,)j-^ M n (Ti^) WKI - 1)) 

I •7) ' .7=1 ' 



{7} 



voitr^-^n (T3^ A «W - i)) 

We recall that for any hyperbolic-elliptic 7 the group T 7 is a cyclic 
group generated by some 7 P (cf. [27] Theorem 5.7]) and that vol(r 7 \G 7 ) = 
Z 7p (cf. [2, Page 36]). Also for any elliptic 7 G V we have that T 7 is a 
cyclic finite group generated by 7 p and that vol(r 7 \G 7 ) = jj—. Hence, 

after dividing both sides by ]~C=i h{i{\rrij \ — -)) we get the hybrid trace 
formula. □ 
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3. Asymptotic estimates 

In this section we prove Theorems Q] and [2] for the number of closed 
geodesies and the distribution of their holonomy angles. The proof uses 
the hybrid trace formula and the ideas of [LH [15] . 



3.1. Preliminary estimates. We start with some preliminary esti- 
mates for the spectrum and the number of closed geodesies. 

Lemma 3.1. For m e N n and x > 1 let 

N m {.x)= Yl §{k\r k {o-m) e[x-\,x + \}} . 
o-e{±i}™ 

Then N m (x) = 0(\m\*x) as x — > oo. 

Proof. Let \l/(t) be a smooth even function supported on [—1, 1] such 
that its Fourier transform \1/ is positive on R U £R and satisfies that 
tf(0) = 1 and *(r) > § for |r| < §. For x > let ^(r) = ^+ x )+^(r- x ) 
so that 

<r A; 

Use the trace formula (Theorem [7f) with this test function to get 

t / / \ \m\*vo\(r\G) f . , . . . 

2^Z^^( r fc( (Tm ) < — ( 2 7r)" +1 — JJix(r)r tanh(vrr) rfr 



~r 771 > — — ' ~\~ \m\ 7 

1 1 ^sinh(/ 7 /2) 1 1 M Jp sm(Km 

where we used the bound |F m (6>)| < |m|*. We can bound the integral 
I J R h x (r)rtanh(irr)dr\ < x^(0) + J R ^(r)\r\dr = O(x). Next \h x (t)\ = 
\^(t)\ is bounded and vanishes outside of [—1, 1]. Since there are only 

finitely many conjugacy classes with Z 7 < 1 the sum ^ tinhfl 72T 1 = 
0(1) is bounded uniformly in x. To deal with the elliptic elements, 
using (12. ip . we can bound 

\i>jv.Q)\< / ) hx{u )} - du«\\L\U 



cosh(w/2) - 1 

where the notation f(x) <C g(x) mean that there is some constant c > 
such that \f(x)\ < cg(x). Since \h x (u)\ = \ip(u)\ does not depend on x 
the contribution of the elliptic terms are bounded by 0(1). □ 

Remark 3.1. The above proof with x = shows that 
${k\r k (m)ei(0,i)} = O(\m\*). 
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From this preliminary estimate we get the following estimate for the 
number of closed geodesies with length in some short interval. 

Lemma 3.2. For large x > and small e > we have 

£ o - bi Jos =Q(^ /2 ) + o(e- 1 ). 

2smh L/2 

Proof. Let \l/(t) be a positive smooth even function supported on [—1, 1] 
such that ty(t)dt = 1 and *(t) > ~ for \t\ < \. Use Theorem 
[7f with m = (1, 1, . . . , 1) (so that F m {6) = 1) and test function /i^ 
with Fourier transform given by h Xie (t) = ^(^f 2 ) + That is 

h x ,e{ r ) = 4e^(2er) cos(rx). For any t G (x — e,x + e), h x>e (t) > |, 
hence 



2 sinh(L/2) ~ ^ 2sinh(L/2)' 

x--e<« 7 <a;+e V 7/ ' {7} 

The sum on the right is bounded by 
1 2^,^/2) I + ££M^)) 





cr A; 




°)| 




sinh(# 70 )| 



The contribution of the first term and all the complementary spec- 
trum is bounded by some constant times 

Mi/2) = 2eV(ei)(e x/2 + e~ x/2 ) = 0(ee x/2 ). 

As before, since ||^,e(^)||oo < 2|| 1 I'|| 00 is uniformly bounded, the con- 
tribution of the elliptic terms is bounded by 0(1). We can bound the 
integral 



f POO 

/ h Xj€ (r)r tanh(7rr)<ir <C e / ^(er)rdr = 0(e _1 ). 
Jr Jo 

Finally, the contribution of the principal spectrum is bounded (up to 
some constant) by e ^r fc eiR ^(^ er k) = C(^), where we used the fast 
decay of if>(r) together with the estimate 

# {k, <t\x-\< er k {a) < x + §} = 0( J), 

implied by lemma 13.11 □ 
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3.2. Main estimate. The family of functions 

{H m (6)\m u ...,m n G Z\{0}}, 

with H m (9) given by (12.4ft form an orthonormal basis for L 2 ((M/27rZ) n , //). 
We can decompose any such function as 



with af(m) = J f{6)H m {6)dji{6). (The coefficients a/(m) are just the 
standard Fourier coefficients g(m) for g(#) = f(9) YljO- ~ e~ sgn ( mj * )e '?).) 
For any / G C°°((R/27rZ) n ) let 

(3.1) C7(/) = X;H*|o / (m)|. 

m 

Proposition 3.3. For any f G C°°((R/27rZ)") we have 

{7} u/ J 

where a = sup m a m as m Theorem [H 

Proof. Let \I/ be a smooth positive even function supported on [—1, 1] 
and let l x denote the indicator function of [—x, x}. Let ^ r £ (t) = ^\&(i/e) 

and let /i x e = la;*^/ e denote the convolution of 1 X and ty t . The function 
/i^e is supported on [— x — e, x + e] , it takes values between zero and one 
and it is equal to one on [—x + e, x — e] . Its inverse Fourier transform 
is given by h x>e (r) = TL x (r)4f £ (r) = 2sm ^ xr ^ (er). Using Lemma [3721 we 
can approximate the sharp cutoff with the smooth one, that is, 



(12) IV' h P J\Pi) v^" 



< 



< 



^ 2sinh(Z 7 /2) ^ 2sinh(Z 7 /2) 

E' Mf4 <<ii/L(^ /2 +- 

^ 2smh(/ 7 /2) r 

x— e<i~<a;+e 



To estimate the smoothed sum, expand /(#) = J2 m a f{ m )H m {0) to get 

Ei l lp h x ^(l 1 )f(d^ i ) ^ +1 , 2 
2sinh(/ 7 /2) 6 M/j|S 



{-} 

E M m )i 



2sinh(/ 7 /2) ~ 2 6 ^ 
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Using the trace formula we can replace each of the inner sums, 

El hphx,e{l-y) ff (n \ 
2sinh(/ 7 /2) m[ 7j 



{7} 

= (-l) n 5 m ^h Xte {i/2) + hxA r k(m)) 

Estimate h x ^(i/2) = 2e x ^ 2 + 0(ee x ^ 2 ) and bound the contribution of 
the complementary spectrum by 0(\m\*e ax ). The function h Xjt < 1 is 
uniformly bounded so the contribution of the elliptic conjugacy classes 
are bounded by 0(1). As in the proof of Lemma [3 .2\ the contribution 
of the principal spectrum and the trivial conjugacy class are bounded 
by 0(|m|*e _1 ). We thus get that 

E'^^y^ = (-l) n 2We^ 2 (l+0(e))+0(|mre-) + 0(^). 
Since /i(if m ) = (-\) n 5 m ,a we get 



2sinh(/ 7 /2) ^ ' 

Multiplying by a/(m) and summing over all m we get 

^tsdt f m ~ 2 " +v/2/i(/)l <<c c{f)eax + c{f)e " + m °° eeX/ 

where we used the bound ^^^/(o")! <C H/H^- By (13. 2 p we get the 
same estimate for the sharp cutoff and taking e = e~ Xj/4 con- 

cludes the proof. □ 

3.3. Proof of Theorem [TJ, The prime geodesic theorem now follows 
form Proposition 13.31 with / the constant function. 

Proof. Apply Proposition 13.31 with / = 1 the constant function. We 
thus get 



< ^+\m\*e ax + 5 ma ee x/2 . 
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(The decomposition of the constant function only involves the function 
H a with a G {±l} n , hence, the error term depends only on ax-) The 
contribution of the primitive conjugacy classes is trivially bounded by 
the whole sum so 

y } £j 2sinh(/ 7p /2) 1 ' 

hp ^ x 

Integrating by parts we get the preliminary bound 
, , f x 2sinh(t/2) . 

We can now estimate the contribution of the non-primitive conjugacy 
classes to ( 13. 3ft . that is 

S^2ii^72) = gi 2 8inh(«/2)* r ' W - 

Since there is a geodesic with a shortest length 5 this is a finite sum. Us- 
ing the preliminary bound ir p (x) = 0(— ) and integrating by parts we 
get that this sum is bounded by 0{x). Consequently, the same asymp- 
totic formula as (13.31) is valid when summing over primitive geodesies, 
that is, 

ew = £ Shfe) = 2 " +v/2 + 0{e " i] + 0ie "" } 



Let 



1p 



then 0(x) = 0(x) + 0(1). Using integration by parts together with 
the estimate 0(x) = 2 n+1 e x/2 + 0(e x/4 ) + 0(e ax ), we get 

»x t/2 _ 3x/4 1 



/•x t/2 _ 3X/4 1 

7T ( x ) = / —dSCt) = 2 n Li(e x ) + 0(- ) + 0(e (Ql+ 2' 

7 t x 



□ 



3.4. Proof of Theorem [21 Similar to the previous case, the equidis- 
tribution for smooth test functions follows from Proposition 13.31 and 
integration by parts. 
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Proof. Without loss of generality we may assume that f fdfi = 0. 
Then, Proposition 13.31 gives 



2 sinh(L/2 

{7} v 7/ 

The contribution of the non-primitive conjugacy classes is bounded 
by 0(x), so the same estimate holds when summing over primitive 
elements 

l r 

!--! " ( " 7; 



As before, the same bound also holds for 



Integrating by parts we get 

£ /(*<») = f e ^dQ f {t) « le,^)!^, 



concluding the proof. □ 

3.5. A sharp cutoff. Since we have good control on how the error 
term depends on /, we can give bounds for the error term also for a 
sharp cutoff function. We show this in the simple case where f — 1a 
is the indicator function of a rectangle. 

Corollary 3.1. For any rectangle A C [— 7r,7r] n we have 

^l^- = fI (A) + 0(e- cx ), 
where the implied constant is independent of A and the exponent is 



given by c 



a< 1 



2(n+2) — 2(n+2) 

l ~ 2 <* a > 1 



2(n+l) 2(n+2) 



Proof. We will use the Selberg-Beurling functions to approximate the 
indicator function (see [12| Chapter 1.2] for details). For any inter- 
val J C [— 7r, 7r] and any N G N the corresponding Selberg-Beurling 
functions Sj N (6) are trigonometric polynomials of degree at most N, 

\k\<N 
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satisfying that 

(3.4) Sj !N (9)<lj(e)<S+(d), V0e[-7r,7r], 

s± N (e)de = \j\ ± ^ TI , 

which implies that the non-zero Fourier coefficients satisfy 
(3.6) |£±^)|<_L_ + -L VI < |A;i < AT. 

For a rectangle A = Jj let = UjS^ :N (0j), then by (J33D 

we have Jn{9) > 1a(#) for all 9 G [— 7r, 7r] n (note that these functions 
are non- negative) . The coefficients af N (m) are given in terms of the 
Fourier coefficients 



a f N ( m ) = n 



^„v( m i) - ^ ? ,7v( m i - sgn^))' 



Using ( 13. 6 p we get that 

Wv) = ^H*|a /jv (m)|<(6iV)". 

A similar calculation gives that |/i(/W) — — ]vTT' an< ^ smce 

1 1 ^J,n I loo < 5 we get that H/jvlloo = 0(1) is uniformly bounded. 
Now use Jn to get an upper bound for ^rrQ, 

From Theorem [2J taking into account how the error terms depend on 
f N , we get 



= M/v) + 0( v / CXiW)e-^ 4 ) + 0(C'(/ J v) 



/i(A) + O^ 1 ) + 0(iY n/ V l/4 ) + 0(iV n e (Q -2>). 



Let iV = e cx where c = „, * ^ if a < „, 1 . „s and c = 1 2 .°., if a > „, -. 

2(n+2) — 2(n+2) 2(n+l) 2(n+2) 

to get the upper bound 

!^< M (A) + o( e — ). 
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In order to get a lower bound, we write [— it, 7t} n = A U A\ U • • • U Ak 
as a finite disjoint union of rectangles (with k < 2 n ). Since the error 
term does not depend on the rectangle Aj we get 

= ^^-Vl^^ l-t^)+0(e-) = KA) + 0(e-). 



7T p {X) <—? ir p (x 



□ 



4. Invariance OF HOLONOMY under sign changes 

Recall that the holonomy is invariant under the sign change a G 
{±l} n if for any angle 9 G [— 7T, 7r] n the number of primitive closed 
geodesies with holonomy 6 is equal the number of closed geodesies 
with holonomy o~Q. This property can be translated to the follow- 
ing property of the lattice: For every 9 G [— 7r, 7r] n the number of 
primitive hyperbolic-elliptic T-conjugacy classes that are conjugated 
in PSL(2,M) n+1 to (ai,k$) equals the number of primitive hyperbolic- 
elliptic T-conjugacy classes that are conjugated in PSL(2,M) n+1 to 
(a>i, k a8 ). 

We now use the trace formula to prove Theorem El that is, we show 
that invariance of the holonomy angles under the sign change o is 
equivalent to a spectral correspondence between the spaces V m and 

^urn- 
Proof of Theorem [3J Assume that the holonomy angles are invariant 
under the sign change a G {±l} n . To show that there is a linear map 
©cr : V m — > Vara commuting with Q we just need to show that the 
spectrum of f2 is the same on both spaces, that is, that {rfe(m)}^. = 
{r k (am)}f =0 . 

Fix m G Z n+1 with mo = and rrij ^ for j > 1. Let h G 
C^°(M) denote a smooth compactly supported function and consider 
the hyperbolic-elliptic sum in the trace formula, that is, 

V-V l lp h(ll) rr ( n \ 

^2sinh(Z 7 /2) 1 lh 

Since any conjugacy class {7} is a power of a primitive one we can 
rewrite this as 
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Since the holonomy angles are invariant under the sign change a this 
is equal to 

^2sinh( 9 ( T „/2) 
We thus get the equality 



E' 



hXh) rr i (\ \ V^' IjMl) rr {n a 



Hum ( ^7 ) 



2sinh(L/2) v 77 ^ 2sinh(L/2 / 

{7} v 7/ 7 {7} v 7/ y 

Notice that H m (a9) = H am (9) so that we have 

KWl) rr ( n \ _ ST' j^^j 

^ 2sinh(Z 7 /2) ml 77 ^ 2sinh(Z 7 /2) 

Since the contribution of the trivial conjugacy class to the trace formula 
does not depend on the sign of m, after subtracting the contribution 
of the elliptic elements we get the equality 

(4.1) Y h(r k (m)) - y» MK,W m &) = 

1 1 V w M 7p sin(0 7o /2) 

= Th(n(am)) - y' KKityHmW 
V W M > sin(^ /2) ' 

We claim that this equality implies that the spectrum of V m and V am 
are the same. We first show that the exceptional spectrum is the same. 
Let 

\ > c (m) > ci(m) • • • > c q {m) > 

be such that \ — Cfc(m) 2 £ [0, |) are all the exceptional eigenvalues and 
let dk{m) denote the multiplicity of the corresponding eigenvalue. Let 
\I/ denote a positive smooth even function supported on [—1, 1] with 
f_\ V(t)dt = 1. For x > let /^.(r) = 2sin r (zr) ^(r). For r £ R real we 
have that |/iz(r)| < 2x|\l/(r)| so that the sum | J2r k (m)m ^( r fc( m ))l = 
O(x). The Fourier transform = * ^(^)| — 1 is uniformly 

bounded so the contribution of the elliptic elements are bounded by 
0(1). Consequently, the equality (14.1 ft with this test function implies 
that 

q ^ e xc fe (m) a 1 ^ e xc fc (crm) ^ 

>J4(m) — — — *(zc fe (m)) = >J d h (am)— -^(ic fe (m)) +0(x). 

fe=0 KV 7 fc=o ftV y 

Dividing by e^ ^ and taking x — > 00 implies that Co(m) = co(um) 
and that do{m) = d (am). We can thus subtract its contribution form 
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both sides and continue in the same way to get that Cf.(jn) = c^(am) 
and dk(m) = dk(crm) for all k — 1, . . . , q. 

Now for the principal spectrum. Let h be an even function with 
Fourier transform h G C°°(M) even, supported on [—1, 1], and satisfies 
f^hfydt = 1. For x,e > let h e , x (r) = ^VHM 3 ^) so that its 
Fourier transform is given by h e ^ x (t) = e cos(xt)h(et) . Now fix x = 
r k ( m ) £ ^ f° r some ko and assume that e is sufficiently small such that 
there are no other eigenvalues in [x — y/e, x + y/e\ . Use (14. ip with the 
test function h €jX . From the previous part, the contribution of all the 
exceptional eigenvalues cancels out. Since we have \\h t ^ x (t) | ^ < e\ \h\ ^ 
we can bound the contribution of the elliptic conjugacy classes by 0(e). 
From the fast decay of h(r) as r — > oo we get that the contribution of 
{rfc(m) G R|rfc(m) ^ x} satisfies 

E h x>e (r k (m)) = 0(e). 

\rk(rn)-x\>y/e 

We thus get that 

#{r fc (m) = x} = #{r fc ((xm) = x} + 0(e). 

Taking e — > we get equality. 

For the other direction, assume that we have a spectral correspon- 
dence between V m and V am for every m for some fixed sign a G {±l} n . 
Now assume that there is a pair (I, 9) such that 

o < U{ipW,M = M)} + U{ipW,M = 

Also assume that I is the smallest number for which this holds (recall 
that the set of lengthes of geodesies is discrete and that the angle is 
determined up to a sign by the length). Let h be a function supported 
on [— I — 5,1 + 5} where 5 < I is sufficiently small so that there are 
no primitive conjugacy classes with I < l lp < I + 5, and let H G 
0°°((IR/7rZ) n ) be supported in a sufficiently small neighborhood of 6 
such that other then (1^,8^) = (1,6), there are no other holonomy 
angles in its support with Z 7 < / + 5 (and also no angles corresponding 
to elliptic conjugacy classes). Since we can decompose H as a sum over 
the functions H m , using the trace formula and the same argument as 
before we get that 

For all primitive conjugacy classes with l lp < I by our assumption 
of minimality we have exact cancelation, and for primitive conjugacy 
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classes with l lp > I there is no contribution to either side (because 

h{ql lp ) = 0). We thus get that the only contribution is from conjugacy 
classes with l lp = I and Q lp = 9 on the left hand side and 9 Jp = a6 on 
the right. Consequently, 

in contradiction. □ 

Except for the case a = — 1, where complex conjugation gives the 
correspondence between V m and V- m , it is not clear how to obtain 
such a correspondence. It is thus interesting to find for which signs a 
such a correspondence exists. We now give a condition on the lattice 
T that implies the invariance of holonomy angles under sign changes, 
and hence also the spectral correspondence. 

Composing the sign function sgn(x) = A with the determinant gives 
a function from GL(2,R) to {±1}. Note that replacing r by xr for 
x G R* does not change the sign of the determinant so that the map 
t i — y sgn(det r) is well defined on PGL(2, R). 

Lemma 4.1. Let g G PSL(2,R) with |tr(g)| < 2 so that g is conjugated 
in PSL(2, R) to some k e PSO(2). Then, for any r e GL(2, R) we have 
that T~ x gT E PSL(2,R) is conjugated in PSL(2,M) to k s ^ dctT \ 

Proof. This is obvious after noting that k and k^ 1 are conjugated in 
GL(2, R) but not in SL(2, R). □ 

Let G = GL(2,R) n+1 . Let sgn : R n+1 ->• {±1}™ denote the projec- 
tion of the sign function to the last n coordinates. Denote by iV^r) 
the normalizer of V in G, that is, 

Nq(T) = {re GL(2,R)" +1 |r _1 rr = T}. 

Proposition 4.2. For any a e sgn (det Nq(T)), the holonomy angles 
are invariant under the sign change a. 

Proof. Fix r e Nq{Y) with sgn (r) = a. Fix an angle 6 G [—n,ix} n 
and let {7 ( - 1 ^}, • . • , {l^} denote all the primitive T-conjugacy classes 
such that each 7W is conjugated in PSL(2,R) n+1 to (a^kg). For each 
1 < i < k let = r _1 7^V. Then, by the above lemma, each 7^) is 
conjugated in PSL(2,R)™ +1 to (a u k a6 ). Since r G N d (T), then 7W G T 
is also a primitive element. Finally we claim that {7*- 1 - 1 }, • • • , {'J^} are 
k distinct T-conjugacy classes. Indeed, if ^ and 7^ are conjugated by 
some 7 G T, then 7W and 7^ are conjugated by t-jt^ 1 G T in contra- 
diction to the assumption that {7*- 1 - 1 }, . . . , {7^} are distinct conjugacy 
classes. □ 
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In the next section we consider lattices derived from quaternion alge- 
bras over number fields. For these lattices we can give many examples 
for which sgn (det Nq(T)) already contains all sign changes. 

5. Lattices derived from quaternion algebras 

Let K be a totally real number field. Denote by P the set of places 
of K and by P^ and Pf the set of archimedean places and finite places 
of K respectively. For each place v e P let K v be the completion of K 
with respect to v and fix an embedding i v : K ■=->■ K v . For any finite 
set of places S let is '■ K Y\ veS K v denote the diagonal embedding. 
We denote by Ok the ring of integers of K and by 0* K the group units. 

Let A be a quaternion algebra defined over K. We denote by 
tr_4 and the relative norm and trace maps from A to K, that is, 
tr_4(a) = a + a, n^(a) = aa with a the conjugate of a in A. For 
any place v let A u = A ®l v (k) K u . We also denote by i v : A c — >■ A v 
and 65 : ^4 n^es*^ the corresponding embeddings. We say that ^4. 
is ramified at a place z/ if A v is a division algebra and unramified if it 
is a matrix algebra. Denote by Ram(^4), Ram/( v 4) and Ram^A) the 
set of ramified places, finite ramified places and infinite ramified places 
respectively. By the classification theorem of quaternion algebras, the 
set Ram(^4) is always finite and even, and conversely, for any even 
finite set of places there is a unique (up to isomorphism) quaternion 
algebra ramified at these places (cf. [TH1 Chapter 3 Theorem 3.1]). If 
the algebra A is fixed we will just use the notation Ram, Ram/, Ranioo. 

An order 1Z C A is a subring satisfying that 1Z ® K = A and that 
nj[(TZ), tr^(TZ) C Ok are in the ring of integers of K. We say 71 is a 
maximal order if it is maximal with respect to inclusion; it is called an 
Eichler order if it is the intersection of two maximal orders. We denote 
by 1Z* the group of invertible elements in the order TZ and by 1Z 1 C TZ* 
the group of norm one elements inside this order. Let = P 00 \Ram 00 , 
we then have that 

L Poo {ker{n A ) C JJ SU{2) x J] SL(2, E). 

Moreover, the projection of tSaoC^- 1 ) to n^ gSoo PSL(2, M) is an irre- 
ducible lattice; this lattice is called the lattice derived from TZ. 

5.1. Proof of Theorem HI Let TZ be an order in a quaternion algebra. 
For any a G TZ 1 and (3 € TZ* we have that (5~ l a[5 e TZ 1 , hence, TZ* C 
N^iTZ 1 ). Consequently, if T C G = U^Soo PSL ( 2 > R ) is the lattice 
derived from TZ and G = U^es^ GL(2,M), then l Soo {K*) C N e {Y). It 
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is easy to see that this is also true for any principal congruence group, 
that is, for 

T(g) = { 1 eT\ 1 = I (modg)}, 

with q C O k an ideal we have that ^(72-*) C Nq(T(q)). 

Recall that the condition given in Proposition 14.21 for the invariance 
of the holonomy angles under sign change depends on the signs of 
the determinants of the elements in Nq(T). If r = Ls^cx) £ Nq(T) 
comes from the image of some a G 71*, then det(r) = (^(n A (a))) veS . 
Consequently, in order to prove Theorem H] it is sufficient to show that 
the elements {ts^^Ai 01 ))] 01 e 7£*} c can g e ^ all possible signs. 

The following proposition characterizes the elements of 0* K that are 
obtained as norms of elements in an Eichler order. 

Proposition 5.1. For a quaternion algebra A defined over K denote 
by K A = {i6 K\l v (x) > 0, W G Ram 00 („4)}. We then have n A (A) = 
K A and for any Eichler order 1Z C A we have n A (7Z) = Ok H K a and 
n A {7V) = 0* K nK A . 

Proof. The first two assertions are proved in [T8l Chapter 3 Theorem 
4.1 and Corollary 5.9]. We now verify the third one. The equality 
n A {K) = O k HK a implies that n A (7l*) C 0* K n For the other 
direction, let x G 0* K fl so that x = n A (a) for some a E 71. Let 
?/ G O^- with = 1. Then y G as well and hence y = n A ((3) for 
some p G TZ. Now a -1 = an A ({3) G 7^ so that indeed a G 7?.*. □ 

Let sgn : K* — > {±1} P °° denote the sign function, that is, sgn(t) = 
( )^gp oc . Let if + = ker(sgn) denote the group of totally positive 

elements and let O k = 0* K fl K + denote the group of totally positive 
units. Let I{K) denote the group of fractional ideals in K, V(K) the 
group of principal ideals, and H(K) = X(K)/V(K) the class group 
of K. Let V + (K) denote the group of principal ideals generated by 
totally positive elements and denote by H + (K) = 1(K)/V + (K) the 
narrow class group. Denote by h K = #H(K) and h K = #H + (K) the 
class number and narrow class number respectively. 

Proposition 5.2. sgn(C^) = {±1} P °° if and only if hx = h K . 

Proof. Let Qi, Q 2 , ■ ■ ■ > Qh K be a set of representatives for all ideal classes; 
we may assume that g 1 = (1). We then have that h K = h K if and only 
if these ideals represent all classes in the narrow class group as well. 

Assume that hx = h K . We fix o G {±1} P °° and show that there is 
u G 0* K with sgn(w) = a. Let x G K* with sgn(x) = a (such an element 
exists from the weak approximation theorem). From our assumption, 
the ideal xOk is equivalent, in the narrow sense, to Q\ = (1). This 
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implies that there is y G K + such that u = xy G O k , and hence 
a = sgn(u) G sgn(C^). 

For the other direction we assume that sgn((9| ( -) = {±1} P °° and show 
that Qi, . . . , Qh K represent all narrow classes. Fix an ideal g, then there 
is some x G K* such that xg = Qj for some 1 < j < h^- Let a = sgn(x) 
and fix u G 0* K with sgn(w) = o (which exist from our assumption). 
We thus have that y = xu G K + and yg = xug = xg = gi so g is 
equivalent to gi in the narrow sense. 

□ 

Remark 5.1. Note that the group {0* K ) 2 of squares of units is always 
contained in the positive unites O k . On the other hand, Diri chief's 
Unit Theorem implies that [0* K : {0* K ) 2 ] = 2 n . Hence the condition 
hx = h K is also equivalent to O k = {0* K ) 2 . 

The following proposition together with Proposition 14. 21 complete the 
proof of Theorem HI 

Proposition 5.3. Let V C PSL(2, be a principal congruence 

group inside a lattice derived from an Eichler order 1Z in a quater- 
nion algebra A defined over a number field K . If hx = h K , then 
sgn (det(iV c5 (r)) = {±1}". 

Proof. Let d — [K : Q] and enumerate the infinite places = 
{z/ , v u . . . , u n , u n+1 , . . . , v d ] such that Ram 00 (^l) = {u n+1 , v d }. Fix 
a G {±1}" and let x G 0* K such that sgn(a;) !/i = cr^ for i = 1, . . . ,n 
and that sgn(x) Ui = 1 for i > n (which exists from the assumption 
on the class numbers). Then x G 0* K H Kjs, = n^TZ*) so there is 
a ell* with n A (a) = x. Then i Soa (a) G GL(2,M) n+1 lies in N d (T) 
and sgn det(n^(a)) = o. □ 

Remark 5.2. Notice that if we fix the quaternion algebra A we can 
weaken the condition on the field. That is, we only require that the 
projection of sgn(C^) to rip^Ram^ii 1 } is onto - 

5.2. Optimal Embeddings. Before we proceed with the proof of 
Theorem Owe collect some results on optimal embeddings of quadratic 
orders into orders in a quaternion algebra. Let A be a quaternion alge- 
bra defined over a number field K and 1Z C A a maximal order (similar 
results also hold for Eichler orders, but for simplicity we will restrict 
the discussion to maximal orders). We further assume that A satisfies 
the Eichler condition, that is, A is unramified in at least one infinite 
place. 

Let L/K be a quadratic extension, we say that L embeds into A 
if there is a nontrivial if-homomorphism from L to A. We note that 
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this happens if and only if L u is a quadratic field extension of K v for 
any v G Ram(^4) (cf. [TSl Chapter III Theorem 4.1]). Let Ol denote 
the ring of algebraic integers in L and let O C Ol be an order (i.e., 
a subring satisfying that O <8> K = L). We say that an embedding 
: L A is an optimal embedding of O in TZ if <f>(L) PI TZ — 4>{0). 
Note that if is an optimal embedding, then for any x G N^(TZ) the 
map <p x {u) := x _1 0(m)x is also an optimal embedding. 

Definition 5.4. Denote by m*(0,TZ) the number of optimal embed- 
dings of O into TZ modulo conjugation by elements of TZ* , and by 
m l (0, TZ) the number of optimal embeddings of O into TZ modulo con- 
jugation by elements of TZ 1 . 

For any finite place v G P/ let O v = O ®o K ®k v , let 7?.^ = 7?. ®ci K 
C^, and let m*(O u , 1Z U ) denote the number of optimal embeddings 
of O v in 1Z V modulo TZ*,. For places where A is unramified, A v = 
Mat (2, K u ) and m*{O u ,7Z u ) = 1 [18, Chapter II Theorem 3.2]. For 
v G Ram(^4), A v is a division algebra and by [HI Chapter II Theorem 
3.1] m*(O u ,7Z u ) = unless O u = Ol v in which case 



The global number of optimal embeddings can be obtained from this 
local data as follows: 

Proposition 5.5. Let Abe a quaternion algebra over K and TZ C A a 
maximal order. Let L/K be a quadratic extension embedded in A and 
O C Ol an order. If A = Mat(2,K) we further assume that there is 
an infinite place with L v = C. Then 



m \0,TZ) = -j-^-Pl : n L/K {0*)]2- r * \ [ m*(O u ,TZ u ), 



where r^ = #Ram 00 (^4.) ; Hk is the class number of K and h(0) is the 
class number of O. 

Proof. Let H(K) denote the class group of K and H(Kj^) the narrow 
class group corresponding to (that is the quotient of the fractional 
ideals by the principal ideals generated by elements of Kj\). Let Kk and 
hx A denote the corresponding class number and narrow class number. 
By [HI Chapter III Proposition 5.16] m*(0, TZ) does not depend on 
the choice of maximal order TZ, and by [HI Chapter III Theorem 5.15] 
it is given by 



(5.1) 




i/eRam;(i) 



(5.2) 



m*{0,TZ) 



h(0) 



H m*(O u ,7Z„). 



veR&m f (A) 
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By jTHJ, Chapter III Corollary 5.13] we have 

(5.3) m\0,K) = m*(0,K)[n A (Jl*) : n L/K (0*)}. 

Combining ( 15.21) and ( 15. 31) we get 

We can identify the principal fractional ideals in K* with K* jO* K . 
Hence, the kernel of the natural projection 7r : H(K A ) — > H(K) satis- 
fies 

ker(Tr) S (K*/<r K )/(K A /Cr K nK A ) = (K*/0 K )/(K A /n A (K*) } 
which is a finite group of order 

[K* : i^] 2 r ^ 



#ker(7r) 



[0 K :n A (K*)} [0* K : n A (n*)Y 



Now plug in h KA = #ker(vr)/^ = 2^ [0 ^ m in flED to get the 
result. □ 

The number of conjugacy classes in T with a given trace can be 
expressed as a sum over the number of optimal embeddings of certain 
quadratic orders. 



Definition 5.6. For any quadratic extension L = K{yD) of K (with 
D G K not a square) and any ideal d in Ok let Oo,d C be the 
order with relative discriminant (i, that is 

Did =h±^eO K , \d\(u 2 D) 

(Note that this definition does not depend on the choice of D modulo 
squares in K* .) 

Lemma 5.7. Let V be a lattice derived from an order 1Z in a quaternion 
algebra A over K and let S = P^ \ Ranioo (A) ■ Let t G Ok and let 
D = t 2 — 4. Assume that D ^ 0, then 

tf{{ 7 } e T # : tr( 7 ) = ±L S (t)} = m\0 D , d ,K), 

d\\(D) 

where the notation d\\(D) means that (D) = df 2 for f C Ok an ideal. 

Proof. Any 7 G V comes from the projection of Ls(ct) for some a G 1Z 1 . 
Note that both a and —a give the same element in T so we can count 
the number of conjugacy classes in 1Z 1 with trace equal to t. For 
a G 1Z 1 let t a = tr_4(a) G K and D a = t 2 a — 4. When a is not in 
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the center, L = K(\fi5 a ) is a quadratic extension that embeds in A 
via (p a (y/D a ) = 2a — t a . Let g„ = {« G L\3x E K, x + ua E 7£} and 
d Q = Q 2 a D a . Then g^jj" 1 C are integral ideals (so <i a ||(D Q )) and 
<j>a(OD a ,d a ) = 7Z 1 H </>(L) is an optimal embedding (cf. [7J Lemma 4.2 
and Proposition 4.3]). Now 

#{{«}|tr(a) = t} = ^ «{{a}|tr(a) = t } d a = d} 

d\\(D) 

We thus need to show that 

#{{a}|tr(a) = t, d Q = d} = m\0 D4 ,n). 

For any a with t a = t and d a = d we get an optimal embedding Q 
as above (and conjugating a gives a conjugate embedding). On the 
other hand, given an optimal embedding <f> : Or>,d — > A we have that 

a = 0( t+ 2 ) * s ^ ne unique element in the image with trace t a — t and 
d a = d. □ 

5.3. Proof of Theorem H Let T C PSL(2, R) n+1 be a lattice derived 
form a maximal order 7?- in a quaternion algebra A over a number 
field if. This means that A is unramified in n + 1 infinite places, that 
we denote by S = {z/ , i/j., . . . , u n }. Further assume that n is even. 
We can thus find another quaternion algebra A such that Ram/ (.A) = 
Ram/ (.A) and that Ram 00 (A) = "Poo \ {^o}- Let S = {ui, . . . , u n }. Let 
T C PSL(2, R) be a lattice derived from a maximal order TZ G A. 

Recall the correspondence between closed geodesies and conjugacy 
classes. Each closed geodesic C in E corresponds to a conjugacy class 
of some hyperbolic-elliptic 7 G T. Any such 7 is the projection to 
PSL(2,R) n+1 of 65(a) for some a E 1Z 1 with trace t = tv A (a) E O k 
satisfying that |a„-(£)| < 2 for Uj G S. The embeddings L v .(t) G R 
correspond to the holonomy angles 9 C j by |v,(t)| = |2 cos(#cj/2)|, 
for j = l,...,n. The additional embedding t UQ (t) satisfies |^ (t)| = 
2cosh(/ c /2). 

On the other hand, a closed geodesic in T X ]V[ corresponds to a con- 
jugacy class of some hyperbolic 7 G T. Any such 7 is the projection 
to PSL(2,R) of L V0 (a) G SL(2,R) for some a G TZ 1 and the length 
of the corresponding geodesic satisfies |^ (tr^(a))| = 2cosh(/ 7 /2). Let 
m 7 G PSU(2) n be the projection of t§(a) G fLes n l c SU(2) n . For any 
closed geodesic {7} in M. = T\M we attache the conjugacy class of u 7 
in PSU(2) n . Theorem E] is thus equivalent to the following proposition: 

Proposition 5.8. Let t G Ok- Then L VQ {t) G tr(r) if and only if 
L s oa (t) G tr(r) and \t u (t)\ < 2 for all v G S. Moreover, for any t G Ok 
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such that i vo {t) G tr(f) 

Kb} G r#|tr( 7 ) = ±L Soo (t)} = 21{{ 7 } G f#|tr( 7 ) = ±^(t)}. 

Proof. Let t G (9^. Assume that ts(t) G tr(r) and that < 2, 

W G S*. Then there is a G 1Z 1 such that t = tr^(a). The quadratic 
extension L = K(a) naturally embeds in A. Since we assume < 
2 for v G S, then L u = C for z/ G S and hence L also embeds in A. Let 
C = Ln7^C(9L. By definition, O is optimally embedded in 1Z and 
hence m}[O^TV) > 0. By Proposition 15.51 we get that 2 n m 1 (0,'JZ) = 
m^iO^lZ) so m 1 (0,TZ) > as well and hence there is an optimal 
embedding <p : O ^ TZ. We thus get that t = tr^(0(a)) G tx^ilZ 1 ) and 
hence t UQ (t) G tr(r). 

For the other direction, the same argument shows that tr(7?. 1 ) C 
tr(7?- 1 ) and since A is ramified at any place v G S, then any t G tr^R 1 ) 
satisfies \i v (t)\ < 2 for u G S. 

Next, from Lemma 15.71 we can express the number of T-conjugacy 
classes with tr( 7 ) = ±L S (t) as a sum over ideals d\(D) of the quantities 
m 1 (C , D i( i, 7V), where D = t 2 — 4. By Proposition 15. 5\ for each of the 
orders Orj,d appearing in this sum we have 

m\0 D4 ,n) = 2 n m\0 D4 ,'JZ), 

implying that 

fl{{ 7 } G T # |tr( 7 ) = ±i 8 {t)} = 21{{ 7 } G f#|tr( 7 ) = ±L Vo (t)}. 

□ 

Remark 5.3. Taking the above correspondence into account, Theorem 
[2] implies that 

t~t £ [ f(u)du + 0(n p (x)-^) 7 

WJ { 7 }ef# J 

Z 7 <x 

where the integral is with respect to the Haar measure on PSU(2) n , 
/ G C°°(PSU(2) n ) is invariant under conjugation and 7r p (x) ~ Li(e x ) is 
the number of primitive closed geodesic on M. with length bounded by 
x. We note that such an equidistribution result holds in a much more 
general setting. Let Y G PSL(2,R) be any lattice and let p : Y — > U 
denote a homomorphism with dense image in some compact group U. 
To each closed geodesic { 7 } on r\H attach the conjugacy class of p( 7 ) 
in U . As the length of the geodesic grows the corresponding conjugacy 
classes become equidistributed with respect to Haar measure. However, 
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giving a rate of equidistribution in this case requires a spectral gap for 
irreducible lattices in SL(2, R) x U which is not known in this generality. 

6. Some applications 

6.1. A Spectral Correspondence. The first application is a spec- 
tral correspondence (that is a special case of the Jacquet-Langlands 
correspondence) between V m (T\G) and L 2 (r\H, p m ). 

Retain the notation of section 15.31 Let m G N™ and for each j = 
1, ... ,n let p mj denote the irreducible representation of PSU(2) of di- 
mension 2m — 1. Let 

Pm= P mi ®---® Pm n , 

denote the corresponding |m|*-dimensional representation of PSU(2)". 
Composing this representation with the homomorphism 7 i4 a 7 gives 
a representation of T, that we still denote by p m . The character of this 
representation is given by 

( , A sin(K--l)^) 
X Pm {l) = tr(p m (7)) = ]_]_ — -t-q W\ = F m{^)- 

j = l V U -l-j I I 

Let L 2 (r\H, p m ) denote the space of functions ip : H ->• C |m| * that arc 
square integrable on J-j, and transform under T via 

^{iz) = p m (^)ip(z). 

For any a e {±} n let V am (T\G) C L 2 (T\G, am) be as defined in (KTIj) . 
We then have the following spectral correspondence: 

Corollary 6.1. There is a 2 n to one correspondence between the spec- 
trum of Q) a V am (T\G) and the spectrum of L 2 (T\M, p m ). 



Proof. Let {/0fc}fc^=o ^ e a Das is f° r L (r\H, p m ) composed of eigenfunc- 
tions Aip k + Xkipk = 0. With the parametrization X k = | + tj 2 , the 
trace formula in this setting takes the form 

(6.1)J2Kn) = Iral*™ 1 ^) j h{r)rtmh{itr)dr 

k 

j£ 2sinh(Z 7 /2) fa M >S in(^ 7 /2) 

hyperbolic elliptic 

Recall the correspondence between conjugacy classes in T and the or- 
ders On,d described in Lemma 15.71 For 7 hyperbolic we have that 
L = vol(r 7 \G 7 ) = Reg(0£> )t j) is given by the regulator (see e.g. [2J 
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Page 36]). For an elliptic element 7 the group T 7 = Op d /{±I} is a fi- 
nite cyclic group generated by 7p and hence vol(r 7 \G 7 ) = jj— = — . 
We can rewrite the sum over the hyperbolic conjugacy classes as 

£ 2^U2) Fm ^ ) = £ 9{t) £ ^(On, d )m\0 D , d ,iZ), 

{7} 1 7/ ' *6Ck <*|(t 2 -4) 

hyperbolic |t„ (4)|>2 

and the sum over the elliptic classes as 

^ M 7 sin(0 7 ) m{ ~ L> 9[ ) ^ #0* ' 

{7} 7p v *> teo K d|(t 2 -4) w D ' d 

elliptic |t„ (t)|<2 

where the function g : — > M. is defined by 

h MfM 3 7 ef, |tr( 7 )| = K(t)|>2 



2sinh(Z 7 /2) ' ^ ' I V ' / 1 I^O* 

^ggf^ 3 7G f, |tr( 7 )| = Mt)|<2 
otherwise. 



Recall that 2 cos(# U7i j) = L Uj {t) is determined by t UQ (t) so this is well 
defined. 

Now compare this to the hybrid trace formula for V m (T\G) given in 
Theorem [7f, that is, 

(6.2) ^h{r k (am))+6 m>1 2 n h{i/2) 

<T6{1,-1}" k 



2 n |m|*vol(J r r ) f L , , w N , W ^(^r) „ m n 



(4tt; 



n+1 



{7} 



»h(9 10 ,0)F m (6 1 /2) 
M Jp sm(9 J0 /2) 



From Proposition 15.81 the sum over the hyperbolic-elliptic and the el- 
liptic conjugacy classes can be written as 

g(t) ^&(o D4 )m\o D4 ,n), 

teo K d|(t 2 -4) 
kv (*)|>2 
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and 

^ ^ 2m 1 (0 D , d ,K) 

1^ 9(t) — 

t£0 K d\(t 2 -4) " D ' d 

l^o(*)l< 2 

respectively, with g(t) as above. From Proposition 15.51 for all orders 
1Z appearing in the sum we have that m 1 (0 £)id , TZ) = 2 n m 1 (Orj,d,'R-) 
implying that 

2-i 2sinh(L/2) m{ j) ^ M 7 sin(^ 7 /2) 

{ 7 }er# v 7/ ' {7}er# lp y 7/ ' 

hyperbolic elliptic 

E KKh) F (g\, \^ /i(6> 70 ,0)F m (6> 7 ) 
2sinh(L/2) m[ ^^ 2^ M 7 sin(0 7o /2) ' 
{ 7 }er# v 11 ' {7}er# 7p v 70 7 ' 

hyperbolic— elliptic elliptic 

Comparing the volumes of fundamental domains (given in [TSJ Chap- 
ter IV Corollary 1.8]) we get vol(J-f) = ^pr- Consequently, after 
multiplying (16 . 1 p by 2 n its right hand side equals the right hand side 
of (16. 2p . We thus get the equality 

( 6 - 3 ) H h{r k {am)) + 5 m , x {2) n h(i/ '2) = 2 n ^ h{r k ). 

<re{l,-l} n k k 

(Note that r = | appears on the right hand side only when m = 
(1, . . . , 1), in which case it also appears on the left hand side.) Since this 
identity holds for all test functions this proves the correspondence. □ 

Remark 6.1. As there are 2 n possible sign changes, this correspondence 
suggests that actually the spectrum of L 2 (r\G,p m ) and V am are the 
same for each a. If we assume that hx = h K , this follows from Theorem 

m 

Remark 6.2. We remark that when taking m = (0, 1, ... , 1), on one 
side of this correspondence we just get the standard Maass forms for 
the group T C PSL(2,R), but on the other side we do not get Maass 
forms but rather the hybrid forms corresponding to this weight. This 
is very different from the case of quaternion algebras defined over Q 
where Maass forms are lifted to Maass forms and holomorphic forms 
are lifted to holomorphic forms. 

6.2. Results on Hilbert modular groups. Next we prove analogous 
results to Theorems [1] and |2] for Hilbert modular groups, that is, for 
lattices of the form T = PSL(2, Ok) with K a totally real number field. 
These lattices are not cocompact, nevertheless, we can still get these 
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results without using the trace formula in the non-compact setting (as 
long as [K : Q] > 2). 

Let T = PSL(2, O k ) with K totally real with [K : <Q>] = n + 1 > 2. 
This lattice is the lattice derived from the maximal order Mat (2, Ok) in 
the matrix algebra Mat(2, K). Let u , . . . ,u n denote the infinite places 
of K and let V denote a lattice derived from a maximal order in a 
quaternion algebra that is ramified in two infinite places {y n -\, v n }- We 
then have a homomorphism 7 1— >■ u 7 of V into PSU(2) 2 defined as in the 
proof of Theorem EJ For any hyperbolic-elliptic 7 G Y let # 7i i, . . . , 7>ri _2 
be the corresponding holonomy angles and let 7 , n _i,0 7j n denote two 
additional angles corresponding to w 7 G PSU(2) 2 (these last two angles 
are only defined up to a sign). Just as in the proof of Proposition 15.81 
there is a correspondence between T-conjugacy classes and T-conjugacy 
classes which implies the following equality: 

E// 7p /i(/ 7 )F m (6 l 7 ) ^ ^ // > /i(/ 7 )F m (6' 7 ) 
2sinh(L/2) ~ ^ 2sinh(L/2) 

{ 7 }er# v 7/ y {7}e f# v 7/ 1 

for any m G W 1 and any /i compactly supported, where in both cases 
the sum is over the hyperbolic-elliptic conjugacy classes in the corre- 
sponding lattice. Notice that the right hand side is exactly the expres- 
sion appearing in the Hybrid trace formula on the space V m '(T\G, p m r>) 
with m' = (0, mi, . . . ,m n _ 2 ), m" = (m n _i,m n ), and p m » is the repre- 
sentation of T obtained from composing the corresponding irreducible 
representation of PSU(2) 2 with the map 7 — > w 7 above. Using this for- 
mula and following the same arguments as in the proofs of Theorems 
[Q and [2] gives the following result: 

Corollary 6.2. Let T = PSL(2, Ok) with K totally real with degree 
[K : Q] = n + 1 > 2. We then have for any f G C°°((M/27rZ) n ) that is 
invariant under all sign changes 

^ 7(£ 7 J = 2™Li(e>(/) + 0(e 3 ^ 

where the sum is over the primitive hyperbolic- elliptic conjugacy classes 
in T. 

Remark 6.3. In fact, we need only to assume that / is invariant under 
sign changes in two of the coordinates. Even this weaker assumption 
(and also the assumption [K : Q] > 2) can probably be removed. How- 
ever, for this it seems that the non-compact trace formula is essential. 
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6.3. Distribution of fundamental units. Another application is 
a result on the distribution of fundamental units of orders in qua- 
dratic extensions of number fields. Let K denote a totally real num- 
ber field and let P^ = {u Q , . . . , z/ n } denote the infinite places with 
L Uj : K <-> K. the corresponding embeddings. For any pair (D, d) with 
D G K*/(K*) 2 and d C O k ^ ) an ideal let D4 C O l denote the 
order with relative discriminant d (see Definition 15.6 j) . For D satisfy- 
ing that t Uo (D) > and i Vj {D) < for j > 1 the group of relative 
norm one elements O l D d is isomorphic to Z x Z/2Z. We say that 
CD,d ^ @hd * s the fundamental unit of Oo,d if L u ( e D,d) > 1 and any 
a G O x D d can be written as a = ie^ d for some k G Z. For j > 1 
we have that i Uj (eD,d) = e %e ^ D ' d > lies on the unit circle and we de- 
note 9(D,d) = (6i(D,d),...,6 n (D,d)) G [-7r,7r] n . As a corollary of 
Theorem [2] we get that after adding appropriate weights, these angles 
become equidistributed with respect to the measure \i. 

Corollary 6.3. Let 1Z be a maximal order in a quaternion algebra A 
defined over K with Ram^^l) = (if Ram(A) = further assume 
that [K;Q] > 2). Let f G C°°(R/2ttZ) be invariant under all sign 
changes f{6) = f(o~6). We then have 

m\O D4 ,n)f(0(D,d)) = 2t* : <a- 2 Li(T 2 )M/) + 0(T 3 / 2 ), 

(D,d) 
<"0(eD,d)<T 

where the sum is over pairs (D,d) with D G K*/(K*) 2 satisfying that 
Lq(D) > and Lj(D) < 0, for j > I. 

Proof. Let V C PSL(2,IR) n+1 be the lattice derived from 1Z, where 
n = [K : Q] — 1. By Theorem [2] (or Corollary 16.21 for TZ a maximal 
order in a matrix algebra) we have 

J2'f(6,) = 2 n U(e*Mf) + 0(e 3x /% 

(We recall that for these lattices there are good bounds for the spectral 
gap.) Any primitive element 7 P is the projection of ip oc (a) for some a G 
TZ 1 . Let D = tr(a) 2 — 4 and d = d a C Ok be as in the proof of Lemma 
15. 71 Then a G 0^, d and since we assume that 7 P is primitive, then 
6D,d = ±a ±:L . Next note that 2cosh(/ > /2) = |i I/0 (tr(a))| = i Uo (tD,d + 
e l)d) so that L vo( e D,d) = e' 7 ? ,//2 . By the same argument we have that 
e iBj{D,d) _ i (t D ^ = e ±ie i,j . Finally, for each optimal embedding of 
Oo.d in 7£ we get two primitive conjugacy classes (corresponding to 
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6D,d and e D d ). We thus get that 

J2'f^= E 2rn\0 D , d ,n)f(6(D,d)). 

l~ fp <x {D,d) 

'o(£fl,<i)<e l/2 

Setting x = 21n(T) gives the result. □ 

For the case where 1Z = Mat(2, Ok), we can interpret the number of 
optimal embeddings m 1 (C £))d , TV) as the number of equivalence classes 
of quadratic forms with discriminant D and primitive discriminant d 
(cf. [2, Section 7]). In particular, Corollary I6.3I gives the asymptotic 
growth of the number of classes of quadratic forms (that are indefinite 
in one imbedding and definite in the rest) with corresponding funda- 
mental units in a prescribed set. 
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